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Recent improvements on a three-dimensional unstructured-mesh finite-volume method, which solves the

Reynolds-averaged Navier–Stokes equations for complex aerospace applications, are presented. The correct

modeling of turbulence effects in aerospace flows is paramount for their successful computation. Linear one- and

two-equation models are considered. The linear approximation is also extended to include a nonlinear formulation

resulting from an explicit algebraic Reynolds-stress model. Two Reynolds-stress closures are also available.

Nonlinear eddy-viscosity and Reynolds-stress models naturally offer the potential formore reliable predictions than

linear approximations because anisotropy of the Reynolds stresses can be accounted for. Experimental and direct

numerical simulation results are used for verification and validation of the turbulence model implementation. Focus

is directed toward the effect of anisotropy for the resolution of the interaction between shock waves and boundary

layers. In general, good agreement with theoretical or experimental results is obtained.

Nomenclature

Cd = 2-D drag coefficient
Cl = 2-D lift coefficient
Cp = pressure coefficient
cf = local skin friction coefficient
e = total energy per unit of volume
ei = internal energy
ı̂� fı̂x; ı̂y; ı̂zg = Cartesian unit vector
k = turbulent kinetic energy
M = Mach number
Pe = inviscid flux vector
Pv = viscous flux vector
Pr = Prandtl number
p = static pressure
Q = conserved variable vector
q = heat transfer vector
Re = Reynolds-number
S = strain rate
S = area vector
u� � u=u� = turbulent dimensionless velocity
u� �

�������������
�w=�‘

p
= friction velocity

V = volume
v� fu; v; wg = Cartesian velocity vector
y� � y�u�=�‘ = turbulent dimensionless distance
� = angle of attack
� = Kronecker delta
� = dissipation-rate
�� = homogeneous dissipation-rate
� = dynamic viscosity coefficient

� = density
�‘ = shear-stress tensor
�t = Reynolds-stress tensor
! = turbulent frequency

Subscript

i� fx; y; zg = indices used within the Einstein indexing
notation

i, j = array indexing
i, m = control volume indices
‘ = laminar
t = turbulent
w = wall
1 = freestream

Superscript

00 = turbulent fluctuation

I. Introduction

T HE present paper reports on recent improvements on a three-
dimensional (3-D), unstructured-mesh, finite-volume method

for complex aerospace applications developed by the CFD group at
Instituto de Aeronáutica e Espaço (IAE). The objective of the CFD
group at IAE is to develop the capability of simulating 3-D, viscous
turbulent flows over general launch vehicle configurations. Viscous
simulations at high Reynolds numbers are typical for aerospace
applications, such as the ones of interest to IAE, and turbulence is
certainly important for these flow regimes. The correct modeling of
turbulence effects in aerospace flows is decisive for consistent
computation of complex phenomena such as boundary layers
subjected to adverse-pressure gradients, boundary-layer/shock-
wave interactions, wing wakes, mixing layers, and others. Such
phenomena strongly affect the final aerodynamic result, including
even the macro quantities that are usually enough for engineering
purposes, such as integrated lift and drag coefficients.

The current code has already been used to simulate turbulent
viscousflows over typical aerospace configurationswith linear eddy-
viscosity turbulence models (EVMs), with acceptable results so far
[1]. For such effort, the Spalart–Allmaras (SA) [2] one- and the shear-
stress transport (SST) [3] two-equation turbulence models have been
chosen. Some less acceptable results, however, have been found
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when strong interactions between shock wave and turbulent
boundary layer were present in the flow field [4]. Flight conditions
with shock waves are certainly of primary concern at IAE, and the
results obtained for boundary-layer/shock-wave interactions
motivated further effort on this subject.

The scientific community has been directing more attention to the
issue of boundary-layer/shock-wave interactions in the last decade.
The authors believe that such renewed interest is associated with
previous restrictions on computational resources for such complex
flow phenomenon simulation, as well as the proper understanding of
the turbulence phenomenawhen interactingwith shockwaves. Some
keywork on this subject can be found in [5–12]. Although no definite
solution can be found in such work, at least some guidelines for
successful simulation of such a flow phenomenon with adequate
results for engineering purposes can be collected. One of the
outstanding remarks from such work is that, most preferably,
researchers focus on advanced turbulence closures, such as
Reynolds-stressmodels (RSMs) or their explicit algebraic (EARSM)
derivatives, to tackle the issue of boundary-layer/shock-wave
interaction. The main reason for that is the ability of such closures to
handle turbulence anisotropy, which seems to be an important
feature in shock-wave and boundary-layer interaction, as well as
separated flows, flows subjected to adverse-pressure gradients, and
other complex phenomena. However successful results can also be
obtained with EVM options.

Therefore to enhance the current numerical tool with more
advanced turbulence-modeling capabilities, further extension of the
code included other turbulence models than the SA and SST models
previously available. Other EVM options, such as the realizable k–�
[13] and the low-Reynolds-number k–! [14] models, have been
considered. A nonlinear formulation resulting from an EARSM
[15,16] is also considered. For completeness of the modeling effort,
two RSMs are included. Their formulation naturally offers the
potential for more reliable prediction of the turbulence effects
because important terms are exactly treated. The high-Reynolds-
number Menter StressBSL and the low-Reynolds-number Craft–
Launder [8] RSMs are currently considered.

Extensive verification and validation of this code had already been
initiated [1,17,18]. In [18], especially, a detailed study of verification
and numerical accuracy of the present numerical tool is presented. In
the present paper, turbulence model results are validated for a zero-
pressure-gradient flat-plate and a parallel-wall channel flow cases.
Numerical results are compared with either experimental or direct
numerical simulation (DNS) results. Extensive results are, then,
presented for transonic flow conditions over a supercritical airfoil.
Simulation results are compared with available wind-tunnel
experimental data. In general, acceptable numerical results are
obtained.

This introduction section describes the motivation for the current
effort. In the second section of this paper, the theoretical and
numerical formulations embedded in the numerical tool are briefly
presented. In the third section, a summary of the currently considered
linear eddy-viscosity turbulence models is presented. Similar
discussion for the chosen Reynolds-stress models is performed in the
fourth section. A careful evaluation of numerical simulation results is
presented in the fifth section. A concluding remark section closes the
paper with the major conclusions obtained from the current effort.

II. Theoretical and Numerical Formulations

A. Reynolds-Averaged Navier–Stokes Equations

The flows of interest in the present context are modeled by the 3-D
compressible Reynolds-averagedNavier–Stokes (RANS) equations,
written in dimensionless form and assuming a perfect gas, as
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The shear-stress tensor is defined by
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where ui is the Cartesian velocity component and xi is the Cartesian
coordinate. The viscous force work and heat transfer term �i is
defined as �i � �ijuj � qi, where the heat transfer component is
defined as

qj ���
�
�‘
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� �t
Prt

�
@�ei�
@xj

(4)

It is important to remark here that for the flow conditions of interest
here, the Reynolds analogy for the turbulent heat transfer, as
considered in Eq. (4), is adequate and numerically robust. The
molecular dynamic viscosity coefficient �‘ is computed by the
Sutherland law [19]. The dimensionless pressure can be calculated
from the perfect gas equation of state.

This set of equations is solved according to a finite-volume
formulation. For convective-flux calculations on the volume faces, a
Roe flux-difference splitting scheme [20] is currently used. To
achieve a second order of accuracy in space, properties are linearly
reconstructed in the faces based on the MUSCL [21] algorithm. The
implementation follows a modified and generalized Barth and
Jespersen [22] multidimensional limiter formulation [18]. The
van Albada [18] limiter is used to avoid oscillations near
discontinuities. Diffusive-flux terms are discretized based on a usual
centered scheme, with properties in the faces obtained as an
arithmetical average of the properties in the neighboring cells. Flow
equations are integrated in time by a fully explicit, second-order
accurate, five-stage, Runge–Kutta time stepping scheme. An
agglomeration full-multigrid scheme is included to achieve better
convergence rates for the simulations.More details on the theoretical
and numerical formulations can be found in [1,18].

B. Turbulence Modeling

The turbulence effects are included into the RANS equations by
the Reynolds-stress tensor, defined by

�tij ��Re�u00i u00j (5)

Various turbulence models are available in the current code, ranging
from linear and nonlinear eddy-viscosity models, to Reynolds-stress
models. The model transport equations are also solved according to
the finite-volume approach. The time march is performed using an
implicit Euler scheme [17].

For the discretization of the advection term it is normally
recommended to use dissipative upwind discretization schemes to
avoid oscillations near discontinuities. A first-order upwind scheme
is currently chosen

Z
V

r � ��qv� dV � 1

Vi

Xnf
k�1

h
v�nk��q�i � v�nk��q�m

i
jSkj (6)

where the kth face is shared by the ith and mth cells, nf is the total
number of faces for the ith cell, Sk is the area vector for the kth face,
and q is a generic transported property, here taken to represent a
generic turbulent quantity. The velocity components are defined as

v�nk � �vni � jvni j�=2; v�nk � �vnm � jvnm j�=2
vn � v � Sk=jSkj

(7)
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For the discretization of the diffusion term an usual centered-
scheme approach showed to be extremely unstable, allowing for
large oscillations to build up. An alternative method to compute
nonoscillatory derivatives in the face is currently proposed as an
approximate finite difference scheme. This approximation uses the
adjacent cell centroid property and relative distance to build the
derivative in the face as

rqk �
qm � qi
jdkj

dk
jdkj

; dk � rm � ri (8)

where dk is the distance vector between the centroids of the cells that
share the kth face.

III. Eddy-Viscosity Turbulence Models

Eddy-viscosity models compute the Reynolds stresses [Eq. (5)]
through the Boussinesq hypothesis, which states that the turbulence
stresses are a linear function of the mean flow straining rate times a
modifying constant such as

�tij � 2�tSij �
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where �t is the eddy-viscosity coefficient computed by the chosen
turbulence model.

A. Spalart–Allmaras Model

The Spalart–Allmaras single equationmodel [2] solves a transport
equation for a modified eddy-viscosity coefficient. Its transport
equation can be integrated to the wall without any numerical
difficulty provided that y� � 1 near the wall. The model is derived
along intuitive, empirical lines, heavily relying on calibration by
reference to a wide range of experimental data and on the knowledge
of the distance to the wall. The model has been applied without any
further modification by the CFD community for 3-D compressible
flows with good results so far [11,23] in shock-induced separations
and adverse-pressure gradient boundary layers. Because this model
does not make use of the turbulent kinetic energy k, the last term in
Eq. (9) is assumed zero.

B. Shear-Stress Transport Model

Further improvement on the high-Reynolds-number Wilcox k–!
model can be obtained with the Menter SST model [3,24]. The SST
model is derived from a blend of the original k–! [25] and the
standard k–� [26] models. It solves reported problems of the k–!
closure regarding freestream value dependency [24] while keeping
the better numerical behavior of this model close to the wall. Model
constants are generally calculated as	� F1	1 � �1 � F1�	2, where
	1 represents the set of constants for the k–!model and	2, the set for
the standard k–� model, as in [24]. The F1 variable is a blending
function that turns on the k–! closure near solid walls and the
standard k –�model outside boundary layers, and it is dependent on
the distance to the wall.

It is known in the CFD community that standard two-equation
models are not capable of accurately computing adverse-pressure
gradients or separated flows [3]. These models require a stronger
pressure gradient or a longer running length to separate than is
indicated by experiments. It is demonstrated that this is a result of the
missing effect of turbulent shear-stress transport in this type of flow
[27]. To take the shear stress into account, at least in an ad hoc
fashion, the eddy-viscosity coefficient for the SSTmodel is bounded
by ameasure of theflow strain rate [24]. Another blending function is
used to turn on this criterion only inside boundary layers. A careful
discussion on the motivations for this procedure can be found in [3].

A simpler version of the SST model, denoted as the BSL model
[3], exactly follows the above formulation, however, without the last

criterion for the eddy-viscosity coefficient [3]. Both BSL and SST
models can be integrated to the wall when y� � 1 near the wall.

C. Low-Reynolds-Number Wilcox k–!Model

The k–! (WKOM) model is an empirical closure based on
transport equations for k and! [25]. This model has been developing
over the years including corrections and improvements to a wide
range of different flow cases. Its low-Reynolds-number version, also
modified for improved accuracy in free-shear flows, as in [14], is
used in the present work. The model is closed with constants [14]
obtained from calibration against key test cases for turbulent flows
[25]. Its transport equation can also be integrated to the wall if the
condition of y� � 1 near the wall is satisfied.

D. Realizable k–�Model

The realizable k–� (RKE) model [13] solves transport equations
for k and �. A realizable estimate of the turbulent time scale based on
the local turbulent Reynolds number, removes the stiffness of the
original k–� model [26] near solid walls. An additional term in the
dissipation-rate equation is considered to improve the model
response to adverse-pressure gradient regions. The eddy-viscosity
coefficient is bounded following a Schwarz inequality realizability
criterion [13]. In that definition, a low-Reynolds-number damping
function, designed to account for the damping of turbulent
fluctuations near solid walls, is also available. These features
compose a model that does not require the distance to the wall and
that can be integrated through the whole boundary layer provided
that y� � 1 near the wall.

IV. Reynolds-Stress Turbulence Models

A. General Considerations

Reynolds-stressmodels use the exact equations for the transport of
Reynolds stresses obtained by taking velocity-weighted moments of
the Navier–Stokes equations and neglecting density fluctuations.
The general form of a RSM is given by

D�u00i u
00
j

Dt
� Pij �D


ij �Dt
ij �D

p
ij ���ij � �ij (11)

with the individual terms representing specific turbulence
mechanisms, where Pij is the turbulent production; D


ij is the

molecular diffusion;Dt
ij is the turbulent diffusion;D

p
ij is the pressure

diffusion; ��ij is the pressure–strain correlation; and �ij is the

turbulent dissipation. The turbulent production and the molecular
diffusion terms do not require modeling. The representation of the
remaining terms is model dependent and they are briefly discussed
separately in the respective following subsections.

RSMs also require the solution of another transport equation for a
measure of the turbulent length scale, usually represented by a
turbulent kinetic energy dissipation quantity. Examples of such
quantities are the dissipation ! or the scalar dissipation rate, �, of k.
The estimation of those quantities is perhaps the weakest point in
Reynolds-stress modeling.

B. Modified Craft–Launder RSM

The modified Craft–Launder RSM (CLMRSM) closure is a
variation of the nonlinear RSM in [28], which does not require wall-
topology parameters such as normal-to-wall vectors and distance
from the wall. Modifications of some wall-proximity corrections
have been applied to correct the latter model incorrect response to
shock waves, which were falsely interpreted as regions of strong
inhomogeneity [8].

The pressure–strain correlation is considered a critical element for
RSMs because it can be of the order of the production and dissipation
terms, hence playing a crucial role in most flow cases. Instead of a
wall-normal vector, which can cause problems for complex
geometry applications, two turbulence inhomogeneity indicators
based on gradients of the turbulent length scale andLumley’sflatness
parameter [29] are used. A cubic pressure–strain model is here used

BIGARELLA AND AZEVEDO 2371



in conjunction with additional coefficients and those inhomogeneity
corrections. This option allows for integration through the viscous
sublayer and acts consistently through shock waves, which is an
important feature for the flows of interest to IAE.

The generalized gradient diffusion hypothesis (GGDH) in [30] is
used for the modeling of the turbulent diffusion. A thin-layer
approximation of that term, as in [8], is used here to avoid numerical
instabilities in distorted cells. The pressure diffusion is also
considered. It is modeled based on inhomogeneity-indicator vectors
and Lumley’s stress-flatness parameter.

The dissipation tensor blends isotropic and wall-limiting terms,
with an additional term to account for the dip in the shear-stress
dissipation rate in the buffer layer. An equation for the homogeneous
dissipation rate �� is used to determine �. This equation incorporates
a few modifications to better match low-Reynolds-number effects
near solid walls [8].

C. StressBSL RSM

This option uses a linear pressure-correlation model considering
the contributions from [31,32]. Because viscous dissipation occurs at
the smallest scales, most high-Reynolds-number models, as the
current one, employ the local isotropy hypothesis of Kolmogorov
[26]. The pressure diffusion is here neglected, as usual in RSMs. The
turbulence-length-scale determining equation is based on theMenter
BSL ! equation [3]. This set of equations composes a high-
Reynolds-number turbulence closure.

D. Wallin–Johansson EARSM (NLBSL)

The main motivation in the development of EARSMs is the
general need for improvements in the prediction of complicated
turbulent flow phenomena using the platform of existing CFD codes
based on two-equation eddy-viscosity turbulence-modeling
capability. This is an interesting way of cheaply incorporating
advanced turbulence effects, such as streamline curvature and
normal stress separation, into an already existing two-equation
turbulence model framework, avoiding thus the large amount of
computational resources required by the solution of RSMs.

The classical algebraic RSM (ARSM) starts by assuming
equilibrium turbulence, which is equivalent to neglecting advection
and diffusion for the transport equations of the Reynolds-stress
anisotropy tensor. In the formulation in [15], an isotropic assumption
for the dissipation tensor along with a linear pressure–strain
correlation are chosen. Substituting those terms into the ARSM, one
gets an implicit algebraic equation for theReynolds-stress anisotropy
tensor. The solution of this implicit equation is numerically
cumbersome and, thus, a general form for the anisotropy tensor in
terms of strain and rotation tensors is proposed [15]. This general
form for the anisotropy tensor implies the use of initially unknown
coefficients.

The explicit solution for the anisotropy tensor now relies on the
determination of these coefficients. Some researches adopt the
approach of calibrating those terms to a set of representative
turbulence problems [33]. This approach, however, may decrease the
generality of the additional nonlinear Reynolds-stress tensor
components. The approach in [15] substitutes the anisotropy tensor
expansion in the implicit ARSM equation. A solution to the
unknown expansion coefficients can, thus, be found as detailed in
that work. The compressible formulation along with an ad hoc
modification to recast, at least qualitatively, the initially neglected
diffusion, as available in [15], is chosen in the present work.

The EARSM is implemented as a plug-in for the BSL background
model. The nonlinear Reynolds stresses are provided by the
proposed tensor expansion such as

� �u00i u00j � 2Ceff
�

�k2

�
Sij �

2

3
�k�ij � �kanlij (12)

The first two terms in the RHS of the previous equation are similar to
those used for linear models, derived from the Boussinesq
hypothesis. An effective eddy-viscosity coefficient Ceff

� , however, is

adopted. This coefficient is one of the major contributions of
EARSMs because it adapts to the local strain and vorticity fields,
which, for instance, removes the need for the strain-rate-based bound
in the eddy-viscosity definition of the SST model. The remaining
anisotropic contribution is wrapped in the anlij tensor [15].

The BSL equation is designed in conjunction with the linear
constitutive Boussinesq hypothesis. This fact can compromise the
performance of the model if rather combined with a nonlinear
closure. To circumvent these limitations, the recommended approach
is a complete recalibration of the BSL model along with the added
EARSM nonlinear terms [16,34]. In the referenced work, a variable
C� coefficient, rather than the constant one of the original BSL
model, is considered in the recalibration process. This option
guarantees a more consistent representation of turbulence fields
under the EARSM nonlinear formulation [16].

V. Results and Discussion

A. Initial Discussion

Linear turbulence models are developed considering effects that
are essentially linked to the shear stress in the local streamwise
direction. Such effects are, for instance, the skin friction or the effect
of the boundary-layer displacement into the outer irrotational flow.
Isotropy of normal stresses is assumed along a streamline because, in
a simple shear flow, which usually serves as a calibration milestone
for linear EVMs, the normal stresses are dynamically inactive, not
contributing to the momentum balance.

The response of the boundary layer to adverse-pressure gradient or
streamline curvature is, however, dictated by the shear stress as well
as the normal stresses. In that case, normal stresses are dynamically
active, and they also work toward sensitizing the shear stress to the
normal straining (as through a shockwave) and curvature.More than
that, yet, the shear stress is generated by an interaction between the
crossflow normal stress and the local flow straining. Near the wall,
strong anisotropy is found, where the streamwise normal stress is
generated by local flow shear straining, and other normal stresses are
fed by the redistributive pressure–strain correlation, which tends to
steer turbulence toward isotropy. Those aspects emphasize the need
for all turbulence models to return realistic levels of anisotropy.

From a detailed analysis of the production definition for linear
EVMs [24], it is possible to observe that the flow straining appears
squared. The resulting net effect is that flow straining always works
to elevate the normal stresses, irrespective of the sign of the strain.
This lends to largely overpredicted turbulence production for highly
strained flows. This approximation is not capable of transmitting the
negative crossflownormal stress production in the case of a boundary
layer in a convex wall, with accentuated streamline curvature, for
example.

These effects are addressed in the test cases to come. Typical
turbulent aerodynamic flows are considered to evaluate the currently
chosen turbulence model capabilities with focus on the previous
discussions. Turbulencemodeling is verifiedwith a 2-Dflat plate and
a plane-symmetric channel flow experiments. Transonic flows about
a supercritical airfoil, with strong interaction between shock wave
and boundary layers, are also presented. The effect of anisotropy
resolution in the mean flow results is carefully assessed.

B. Zero-Pressure-Gradient Flat Plate

1. Initial Remarks

The turbulent incompressible flow over a zero-pressure-gradient
flat-plate configuration is addressed. This is an interesting test case
because an analytical solution for the averaged turbulent boundary
layer [35] is available. This solution is known in the literature as the
log–law profile. Experimental data are also available for this test case
[36,37]. Numerical simulation results are compared with both log–
law and experimental data.

Most of turbulence models are calibrated against this classical
shear flow case, among other flows, as well. This is also the case for
the closures chosen for the present work. Therefore these turbulence
models are expected to approximate the numerical solution of the
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turbulent flat-plate flow to the log–law profile. The reader should
keep in mind that this analysis, however, is not enough to extend the
turbulence model performance for more complicated flows, with
turbulence andmean flow structures other than shear-stress effects as
in this validation case. For other complex flows, it is necessary to
compare numerical solutions to available experimental data to
coherently evaluate the applicability of the model. Such studies are
performed in the sections to come.

In the flat-plate case, the freestreamMach number is set toM1 �
0:20 to approximate the numerical solution to an incompressibleflow
situation. Because the present code has only a compressible
formulation, it is not advisable to lower the freestreamMach number
below that value on behalf of still acceptable convergence levels
[38]. The Reynolds number per unit plate length is set to 10:3 	 106.

Two computational meshes are considered, with a different
number of cells along the boundary-layer height, namely 60 and 100
cells. Both meshes are built with 20 cells outside the boundary-layer
height, and with 68 cells along the flat-plate length, with the mesh
starting along with the flat-plate leading edge. The normal direction
from the wall is stretched with an exponential growth of 10% in the
laminar sublayer, and the meshes are also clustered near the
stagnation region to guarantee accuracy for the high gradients
expected there. This grid configuration yields a suitable computa-
tional mesh for turbulent flow simulations over the flat plate in the
sense of the turbulence-modeling validation work presented in [39].
In other words, the computational meshes guarantee y� � 1 for the
first mesh point away from the wall, as is verified in the forthcoming
analyses. At least 60 grid points inside the fully developed turbulent
boundary layers, as well as about 10 grid points inside the viscous
and buffer sublayers, are also observed.

Simulations are carried out with a multigrid configuration using
“V” cycles, with one smoothing iteration at each grid level, and
CFL� 1:5. SA, SST, RKE, WKOM, NLBSL, CLMRSM, and
StressBSL turbulence models are considered in the simulations.
Mesh dependency is analyzed for the SST model with the two
prescribed meshes. The resulting grid to which mesh-independent
solutions are found is chosen for the other turbulence models. All
simulations are stopped to either a maximum x-momentum residue
drop of 7 orders of magnitude, or to convergence of the integrated
skin friction coefficient.

2. Boundary-Layer Analyses

In Fig. 1, numerical boundary layers obtained with the indicated
turbulence model are compared with the theoretical log law and the
experimental data of [37], for a given section along the flat-plate
longitudinal direction with local Reynolds number Rex � 7:62	
106. This comparison is made in terms of u�, where u� is taken from
the experiment, and y�. Detailed definitions for u� and y� can be
found in [35]. All simulations are carried out on the mesh with 60
points inside the boundary layer, which showed to provide
adequately mesh-independent solutions in general.

One can observe in the results in Fig. 1 a good agreement of the
numerical results with the theoretical and experimental data. The
results slightly differ in the inertial layer, but the laminar sublayer and
the boundary-layer thickness arewell predicted by all models, except
for WKOM. It is natural that models differ in the inertial layer
because this region is intrinsically related to the vonKarman constant
� value used in the model calibration [35]. This constant is directly
obtained from experiments, and a range of value is usually found
[35]. The model developer picks the value he or she finds most
suitable, and hence the numerical boundary layer results may
naturally differ.

Further comparisons are also made with the experimental results
of [36]. Differently than the data in [37], the results in [36] are
provided in terms of absolute quantities and not in terms ofu� and y�

variables. This option avoids the experimental uncertainties related
to the determination of u� . In Fig. 2, numerical boundary layers are
compared with the experimental data of [36], for a given section
along the flat-plate longitudinal direction with local Reynolds
number Rex � 4:2 	 106 . Boundary layers are plotted with the

dimensionless velocity u=Ue, where Ue is the freestream velocity,
against the distance from the wall in terms of the experimental
reference length. It is interesting to observe that all models accurately
predict boundary-layer profiles and thickness, except for WKOM,
which overpredicts the boundary-layer thickness.

3. Shear Reynolds-Stress Analyses

Another interesting result that is helpful in the assessment of the

turbulence models is the Reynolds-stress shear component u00v00.
Experimental results for this quantity are also available in [36]. In
Fig. 3, shear-stress profiles are presented for the turbulence models
considered in the present effort, and compared with the experimental
results. In these results, greater differences in themodel behavior can
be observed. SST, NLBSL, and StressBSL models slightly
underpredict the shear stress levels, whereas WKOM underpredicts
its peak and overpredicts the turbulence intensities outside the
boundary layer. RKE slightly overpredicts the shear stresses. Finally
SA and CLMRSM models strikingly match the experimental data.
The small differences between numerical and experimental data for
SST, NLBSL, StressBSL and RKE models do not seem to be
decisive in these cases, because very acceptable boundary-layer
results are observed in Figs. 1 and 2.

It is interesting to remark here that further analyses, not shownhere
to avoid overloading this section, indicate larger dependency of
CLMRSM with near-wall grid refinement and topology, especially
in terms of y�. For this model, the shear-stress result is mesh
independent for a grid with y� � 0:5 and 90 cells within the
boundary layer. TheCLMRSM results in Fig. 3 are presented for that
grid configuration. However the good boundary-layer results in
Figs. 1 and 2 are obtained with the same grid configuration as for the
other models in that case. The more refined grid for CLMRSM also
presents better results in terms of friction drag, as analyzed in the
section to come.

4. Friction Drag Analyses

The shearing of the flow over the flat plate creates the friction drag
component. This is a local quantity, in the sense that each
longitudinal station along the flat plate has a local friction drag
component. In Fig. 4, the numerical cf distributions for each
turbulence model already described are compared with the
experimental results from [37]. It can be observed that all models
predict friction coefficient distributions within reasonable bounds
around the experimental data. The !-based SST, NLBSL, and
StressBSL models strikingly match the experimental distribution.
Other models slightly overpredict the friction coefficient
distributions.

It is also interesting to observe in Fig. 4 that all two-equation
EVMs and RSMs predict a small transition length near the flat-plate
leading edge, which is represented by the region upstream the peak in
cf downstream the plate leading edge. Although the prediction of a
transitional region is a native property of such advanced models, this
region, however, should not be regarded as a correct transitional
length because these closures are not actually calibrated for this
matter. Hence, the resulting numerical transition length is
nonphysically dependent on the far-field turbulence boundary
conditions.

5. Computational Resource Usage

Another important aspect regarding turbulence modeling that
should certainly be emphasized here is the increase in the
computational resources necessary to solve the new equations added
to the formulation. The SA costs per iteration are about 1.5 times
larger than those for a laminar simulation of the present flat-plate
case. Two-equation model figures, including NLBSL, are slightly
higher, amounting to about 5% over the SA simulation. One should
observe that the NLBSL approximation costs about the same as the
SST model although providing higher physical consistency, as
discussed in the sections to come. This advantage is exactly the
motivation for the development of the EARSM class of turbulence
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Fig. 1 Numerical, theoretical, and experimental [37] turbulent boundary layers for a zero-pressure-gradient flat-plate flow (Re� 7:62 � 106).

2374 BIGARELLA AND AZEVEDO



0.00

0.04

0.08

0.12

0.00 0.25 0.50 0.75 1.00

y 
[m

]

u/Ue

SA
Klebanoff

0.00

0.04

0.08

0.12

0.00 0.25 0.50 0.75 1.00

y 
[m

]

u/Ue

SST
Klebanoff

0.00

0.04

0.08

0.12

0.00 0.25 0.50 0.75 1.00

y 
[m

]

u/Ue

RKE
Klebanoff

0.00

0.04

0.08

0.12

0.00 0.25 0.50 0.75 1.00

y 
[m

]

u/Ue

WKOM
Klebanoff

0.00

0.04

0.08

0.12

0.00 0.25 0.50 0.75 1.00

y 
[m

]

u/Ue

NLBSL
Klebanoff

0.00

0.04

0.08

0.12

0.00 0.25 0.50 0.75 1.00

y 
[m

]

u/Ue

StressBSL
Klebanoff

0.00

0.04

0.08

0.12

0.00 0.25 0.50 0.75 1.00

y 
[m

]

u/Ue

CLMRSM
Klebanoff

Fig. 2 Numerical and experimental [36] turbulent boundary layers for a zero-pressure-gradient flat-plate flow (Re� 4:2 � 106).
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Fig. 3 Numerical and experimental [36] Reynolds-stress shear component for a zero-pressure-gradient flat-plate flow (Re� 4:2 � 106).
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Fig. 4 Numerical and experimental [37] local friction drag coefficient distributions for a zero-pressure-gradient flat-plate flow.
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models, as already pointed out in the current work. Reynolds-stress
models, on the contrary, solve seven additional turbulence transport
equations for a 3-D case, resulting in larger resource overheads.
StressBSL costs rise up to 25%, andCLMRSM reaches almost 130%
times the resources for a SA model simulation. It is expected larger
physical advantages for this class of model to compensate the much
higher computational resource usage.

C. Fully Developed Channel Flow

1. Initial Remarks

Although the mean boundary layer of a fully developed parallel-
wall channel flow case also respects the log–law solution as for the
flat-plate case, this still is an interesting test case becauseDNS results
[40] are available for further evaluations. From the DNS results, it is
possible to easily and confidently extract important turbulence
information such as shear and normal Reynolds stresses. These terms
are decisive for successful simulations of complex flow turbulence
phenomena, as further discussed. Current numerical results are
compared with the DNS data from [40] at friction Reynolds number
Re� � 180 based on the channel half-height.

2. Mesh Dependency Study

Initially a mesh refinement and topology dependency study is
performed for this test case. Six grid configurations are considered,
resulting in the following set:

1) 30 cells in the normal direction, with y� � 1:0;
2) 60 cells in the normal direction, with y� � 0:5, 1.0 and 2.0;
3) 90 cells in the normal direction, with y� � 1:0 and 2.0.
Boundary layers obtainedwith the available turbulencemodels for

this set of grids are presented in Fig. 5. First it can be observed that the
boundary layers shown here are insensitive to grid refinement and y�

settings, including the nonrecommended y� � 2 grids. Second the
present results are, in general, in good agreement with DNS data,
showing the level of accuracy that can be obtained with the current
turbulence models, even for such a low-Reynolds-number case.

The WKOM model presents an unexpectedly lower consistency
for the current channel flow conditions. The authors attribute this
behavior to a poorer calibration of thismodel to a lower netReynolds
number. By net low Reynolds number, here, the reader should
understand the Reynolds number computed by the fixed macro flow
quantities, and not the locally varying internal turbulent Reynolds
number. The latter is actually the one that differentiates the classes of
low- and high-Reynolds-number turbulence models. The former is
the one that, for instance, defines the flight Reynolds number of an
aircraft.

A similar limitation is also found for the NLBSL closure. In this
case, however, the author in [16] clearly states that the recalibration
effort is intended for high-Reynolds-number flows. Similar poorer
resolution of lower Reynolds-number flows are also found in [16].
This limitation, nevertheless, is absolutely not prohibitive here (and
also in the applications in [16]) because very high-Reynolds-number
flows are of interest in the current work. The previously shown flat-
plate results for this model corroborate the assertion that this model
performs well at higher local Reynolds number.

Similar mesh-dependency evaluation is performed for the shear

Reynolds stress tensor component, u00v00. Results for the previous set
of grids are presented in Fig. 6. Contrary to the boundary-layer results
in Fig. 5, the shear stress presents larger dependency with the grid.
The negative impact of y� > 1 for the turbulence models becomes
clear in the results from Fig. 6 . An unphysical peak in turbulence is
found under such circumstances. For grids with y� 
 1 and at least
60 points within the boundary layer, numerical results can be said to
be grid independent for all considered turbulence models. The lower
number of points inside the boundary layer, 30 in the present case,
also result in poorer Reynolds-stress prediction.

An important conclusion from these results is that all currently
considered models are equivalent in terms of mesh requirements. In
other words, the same mesh built for a given case can be used along
with all turbulence models. This indication represents large time-
resource savings in practical applications of the current code because

it would not be necessary to build one different mesh for each
turbulence model simulation, for a given flow case.

3. Normal and Shear Reynolds Stress Analyses

The channel flow experiment is a very interesting case to address
turbulencemodel Reynolds-stress results because the streamlines are
coherently aligned with the Cartesian coordinate system. Present
computation and DNS Reynolds stresses are plotted in Fig. 7. A grid
configuration that supports mesh-independent results, with 90 points
along the wall-normal direction and the wall-nearest node located at
y� � 1, is used.

It is interesting to observe in Fig. 7 the already commented fact that
the linear EVMs, namely the SA, SST, RKE, and WKOM models,

predict isotropic normal stress components, that is u00u00 � v00v00�
w00w00. In the SA case, the normal stresses are actually zero. The
nonlinear augmentation of the NLBSL formulation allows for
separation of the normal stresses. Because NLBSL is a high-
Reynolds-number closure, the normal stresses close to the wall do
not match the actual stress distribution. The same behavior is found
for the StressBSL RSM. Both closures are high-Reynolds-number
models and they predict similar Reynolds stresses. The more
advanced low-Reynolds-number CLMRSM model presents much
stronger anisotropy and a very goodmatch with DNS data. Although

the streamwise normal stress u00u00 is underpredicted by this model,
this is of no impact in this particular flow because the shear stress is

only sensitive to the crossflow normal stress v00v00.

D. OAT15A Supercritical Airfoil

1. Initial Remarks

The interaction between shock waves and boundary layers is of
considerable practical importance in transonic and supersonic
aerospace vehicle design. For thinner boundary layers, a mild shock
wave may have just minimal impact on it, causing a moderate
thickening of this boundary layer, and subsequently only small
modification of the outer inviscid flow. Stronger shockwaves, on the
other hand, may cause massive flow separation leading to early wing
stall or other adverse effects. The mechanics of such interactions are
complex and poorly understood. However it is well known that the
interaction is highly sensitive to the boundary-layer turbulence state,
and its response to the deceleration caused by the shock wave. The
turbulence field is highly anisotropic in that region and it responds
differently under shear, normal, or curvature straining. Therefore
there lies the importance of consistently modeling the turbulence
anisotropy and its sensitivity to those types of straining, as earlier
discussed.

To demonstrate the importance of the remarks in the previous
discussion, transonic flows over the OAT15A supercritical airfoil
[41] are addressed. This configuration is here chosen due to the
abundant but also carefully obtained wind-tunnel results. The
OAT15A airfoil is a 12.3%-thick supercritical aerofoil for transport
aircraft. It is studied within the framework of an ONERA/
Aeropastiale joint program devoted to the study of such aeronautical
designs. The design point of the airfoil isM1 � 0:73 andCl � 0:65,
and the main feature of the flow is an interaction of boundary layer
and shock wave. The wind-tunnel tests were performed in the
ONERA/CERT T2 wind tunnel [42] for evaluation of Reynolds-
number effects on the airfoil performance. The range of 3–20 	 106

was addressed using the cryogenic capability of the tunnel. The
adaptive top and bottom tunnel walls provided the experiments with
quasi-free-air conditions. Sidewall effects were, however, present
but taken into account in the correction procedure. T2 tests were also
compared with similar experiments performed in S3MAwind tunnel
[43] for the same geometry and flight conditions to show the quality
of the T2 data.

The T2 experiments mainly concern pressure distributions for a
fixed Mach number, namely M1 � 0:724, various angles of attack
and Reynolds numbers, with fixed transition at 7% of the aerofoil
chord. Lift forces are measured by a balance, and drag forces are
obtained by wake survey at half a chord downstream the profile.
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Fig. 5 Channel flow at Re� � 180. Boundary layers for different grids.
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Fig. 6 Channel flow at Re� � 180. Shear Reynolds stress for different grids.
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Fig. 7 Channel flow at Re� � 180. Present computation and DNS Reynolds stresses.
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Additionally, for a selected number of test cases, boundary-layer
measurements with an external Pitot probe and laser-Doppler
velocimeter (LDV) flow field are also provided. Experimental
uncertainty and accuracy levels are provided in [41]. Because of the
high quality of the data, these test case and experimental results
compose the case A11 of the AGARD-AR-303 report [41], that
collects a selection of experimental test cases for the purpose of CFD
code validation.

In the presentwork, an evaluation ofmesh refinement effects in the
numerical results is initially performed. The resulting best cost-
effective mesh is used for the other analyses. Hence, a study of
turbulence model effects, at two angles of attack, namely, 1.15 and
2.00 deg, is performed. The lower Reynolds-number condition, with
Re� 3 	 106, is chosen because the resulting thicker boundary layer
may be more largely influenced by the shock wave, being a more
demanding test case for the turbulence models. Numerical and
experimental pressure distributions are compared for both angles of
attack. LDV velocity profile at x=c� 28% and external-probe
boundary layer at x=c� 95% for the 1.15 deg case are also compared
with the respective numerical results. Afterwards transonic polar
curves for Re� 6 	 106 obtained with selected turbulence models
are compared with the T2 and S3MA wind-tunnel results. It is
observed that anisotropy is crucial for better turbulence-closure
resolution of the complex boundary-layer shock-wave phenomenon.
For all simulations, freestream turbulence data according to wind-
tunnel data are set as k1 � 0:07 and �1 � 0:4.

2. Preliminary Mesh-Dependency Evaluation

A preliminary mesh-dependency evaluation for this test case is
performed. The authors remark that this is not a complete mesh-
dependency study, but rather an evaluation and confirmation of the
used mesh construction directives. The initial mesh is already
constructed with knowledge-based qualities, considering all
conclusions for mesh configuration described in the current work
and also those obtained during the development of the present code.
Six mesh configurations, described in Table 1, are considered.
Variations in the far-field distance, and overall mesh refinement, are
presented in this table. All meshes are designed to provide y� � 1 for
the first point away from the wall. For meshes GRID 1, GRID 2,
GRID 3, and GRID 6, the far-field distance is varied while overall
mesh refinement is kept. Furthermore, successive mesh refinements
are obtained with group GRID 1, GRID 4, and GRID 5. Flight
conditions areM1 � 0:724, Re� 3 	 106, and �� 1:15 deg.

It is interesting to remark here that for the far-field distance
variation, exactly the same grid configuration of GRID 1 is used for
all other meshes. The extension to the different far-field position in
those cases is simply obtained by adding or removing points from the
baseline grid, as shown in Fig. 8. This methodology avoids other
mesh-dependent solver differences because exactly the same mesh
spacing closer to wall is used. A similar approach is directed toward
the construction of the refined grids. The mesh GRID 1 is used but
with the number of points in all directions multiplied by a factor.

Comparisons ofmesh results aremade in terms ofCpdistributions
over the airfoil surface, boundary layer, and shear Reynolds-stress
profiles at 60% of the chord, and integrated lift and drag force
coefficients. Convergence is considered when the maximum residue
of the density field drops 7 orders of magnitude. Lift and drag force
coefficients are also monitored. In this mesh-dependency evaluation

effort, not all turbulence models are involved, for the sake of
computational resource savings. The one-equation SA model is
currently chosen for simulationswith allmeshes inTable 1. It is fairly
expected that the conclusions drawn from these models are
extensible to the other available models as well.

Numerical results for the grids in Table 1 are presented in Fig. 9. It
can be observed in this figure that GRID 3, with the far-field region
located at 240 chords away from the airfoil, already presents a far-
field distance-independent state. Regarding the dependency with the
mesh refinement, although solutions present slight variations, the
shock-wave position in the longitudinal direction is the same for all
meshes. Furthermore almost no dependency with the mesh
refinement can be observed in the boundary-layer profiles. Larger but
still negligible variation with the mesh refinement is found for the
shear stress profiles.

In Tables 2 and 3, a summary of integrated force variation with
mesh parameters is presented. The forces are written in terms of the
lift and drag force coefficients. The convergence of integrated forces
with the increase in the far-field distance can be clearly observed in
Table 2. The GRID 3 setting already achieves far-field distance-
independent results. In the case of the consecutive mesh refinements
in Table 3, the lift coefficient presents slight variations around an
average value. The authors attribute the difference of 0.001 from
GRID 4 to GRID 5 to cumulative imprecision in the force integration
procedure. The drag coefficient presents a clear tendency to converge

Table 1 Description of grids over OAT15A airfoil used for mesh-dependency study. All meshes

are designed for y� � 1

Grid index Surface cells Normal direction cells Boundary-layer cells Far-field distance, chords

GRID 1 410 89 34 120
GRID 2 410 85 34 60
GRID 3 410 94 34 240
GRID 6 410 96 34 320
GRID 4 682 135 58 120
GRID 5 822 165 70 120

Table 2 Lift and drag coefficient variation with

mesh parameters: far-field variation

Grid index Far-field distance Cl Cd, counts

GRID 2 60 0.693 135
GRID 1 120 0.698 133
GRID 3 240 0.701 132
GRID 6 320 0.701 132

60 chords

240 chords

120 chords

Fig. 8 Sketch of far-field position variation from the baseline grid

configuration.
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for more refined grid settings than those of GRID 5. A difference of
five counts is observed between the coarser and thefinermesh,which
represents a slight variation of 4% in percentage terms. In terms of
wall clock time to convergence, GRID 4 takes six times that of
reference GRID 1, and GRID 5, ten times that.

From the current observations, there are good indications that the
mesh configurations of GRID 3 are fairly acceptable for transonic
flow simulations over the OAT15A airfoil. Its configuration
represents a cost-effective compromise between adequate numerical
solution and reasonable computational resource usage. This
conclusion is reinforced when the computational resources used by
meshesGRID 3,GRID4, andGRID5 are compared. In theOAT15A
airfoil simulations to come, the settings of GRID 3 are, thus,
employed.

3. Turbulence Model Comparison

OAT15A airfoil simulations at M1 � 0:724, Re� 3 	 106, and
angles of attack �� 1:15 and 2.00 deg are performed. All turbulence
models discussed here are compared for such flow cases. As already
mentioned, these conditions are chosen because the resulting thicker
boundary layer may have a greater interaction with the shock wave,
being a more demanding test case for the turbulence models. The
third grid configuration in Table 1 is used for the present cases.
Convergence is considered when the maximum residue of the
density field drops 7 orders of magnitude. However lift and drag
coefficients are also monitored to verify force convergence in case
density residue would stall.

Numerical pressure coefficient distributions for the �� 1:15 deg
case obtained with all turbulence models are compared with the
respective experimental data, case 14 in AGARD 303 data [41], in
Fig. 10. It can be clearly seen in this figure the beneficial effects of
anisotropy-capable formulation in the turbulence model. All
anisotropy-resolving closures, namely NLBSL, StressBSL, and
CLMRSM, present good correlation with the experimental result in
capturing the shock-wave position and the overall pressure
distribution. As usual with Boussinesq-based eddy-viscosity
models, however, all other linear models indicate a further
downstream shock-wave location. In the SST case, nevertheless, the
eddy-viscosity coefficient, limited by the Bradshaw-type constraint,
returns a more feasible result among other linear models.

Similar conclusions are also found for �� 2:00 deg results,
case 12 in AGARD 303 data [41], in Fig. 11. It is interesting to note
that this higher angle of attack represents a more demanding flow
condition for the simulations because of the expected stronger shock
wave. Besides that, the shock wave is also positioned farther
downstream, and it consequently interacts with a thicker boundary
layer. In this case, slight differences among the anisotropy-resolving
models can be observed. The NLBSL model presents a good
representation of the shock-wave solution, whereas CLMRSM
unusually computes it slightly upstream and StressBSL, slightly
downstream. It is interesting to note that, on the contrary as usual
with eddy-viscosity models, which characteristic of overpredicting
turbulence levels and returning further downstream shock waves has
already been discussed, the more complex CLMRSM closure is
capable of computing the shock wave upstream that of the
experimental case.

Further comparisons for other flow quantities are also made for
�� 1:15 deg. As alreadymentioned, LDVvelocity profile at x=c�
28% and external-probe boundary layer at x=c� 95% for this case
are available. Numerical results are compared with the respective
experimental data in Figs. 12 and 13. In Fig. 12, the velocity profiles
aremade dimensionless referencing the freestream velocity, whereas

the outer boundary-layer velocity is used Fig. 13. It is interesting to
observe in Fig. 12 that the higher turbulence levels in the linear
closures allow for more accelerated flows as a result of the more
turbulent and, therefore, more accelerated boundary layers. The
NLBSL model presents a striking adherence to the experimental
results in the outer velocity profile. Although the StressBSL result
initially seems good as well, it overpredicts the boundary-layer
thickness, represented by the bend in the numerical velocity profile at
about y=c� 0:08 in Fig. 12. More determining differences are
observed in the boundary-layer plots in Fig. 13. A striking match of
the boundary layer obtainedwithNLBSL and the experimental result
is seen initially. In this case, no other model achieves such a high
accuracy level. SST and CLMRSM adequately compare to the
experimental data, whereas other models present more differences.
The thicker boundary layer found for StressBSL is also confirmed in
Fig. 13. This model presents a rather inconsistent boundary-layer
result, with overaccelerated viscous and buffer regions, and much
thicker inertial layer.

As an overall conclusion from the present assessment, the
advantages in the aerodynamics analyses are clearly seen when
anisotropy is consideredwithin the turbulencemodel formulation for
shock-wave boundary-layer interaction. The low- or high-Reynolds
number closure formulation does not seem to be determinant in these
cases. TheNLBSLmodel presents a considerable advantage over the
other currently considered options because it returns much more
highly accurate results than the SSTmodel at a similar computational
resource usage basis, for the current cases. CLMRSM also presented
consistent numerical results.

4. Polar Curves for OAT15A Airfoil

In a practical airfoil evaluation from an engineering standpoint,
one is interested in the behavior of the airfoil not simply at a single
operational condition, but also at off-design conditions. Therefore
curves such as lift and drag variation with the angle of attack, as well
as the polar curve, are evaluated. The SST, NLBSL, StressBSL, and
CLMRSM models are used to estimate such data for the OAT15A
airfoil. Flight conditions are M1 � 0:724 and Re� 6 	 106. The
angles of attack are considered to be �� 0, 2, 3, and 4 deg. This
analysis is an ultimate effort for the assessment of the turbulence
models at different flow conditions, including separated flow around
the section stall situation, in a practical application context. Figure 14
presents the obtained numerical data from these analyses, compared
with the respective experimental results.

In Fig. 14a, it can be observed that all models adequately
reproduce the lift slope from0 to 2 deg,with the anisotropy-resolving
models returning closer values to the experimental ones. Larger
differences are found near the maximum lift, around �� 3 deg. All
models fail to predict the experimental behavior for angles of attack
larger than 2 deg. For SST, NLBSL, and CLMRSM, nonlinear
variation ofCl is found for� > 2 deg, whereas the experimental data
show that the lift still linearly varies with the angle of attack up to
�� 3 deg. NLBSL shows the more abrupt lift loss at �� 3 deg.
Although StressBSL returns linear variation of the lift up to
�� 3 deg, it misses the stall as the lift still increases up to
�� 4 deg. Although SST and CLMRSM miss the maximum lift at
�� 3 deg, they interestingly returns good values of lift at the off-
design �� 4 deg condition, which already contains considerable
separated flow regions.

The drag results in Fig. 14b indicate that SST and CLMRSM are
closer to the experimental data than NLBSL and StressBSL. The
unexpected boundary-layer behavior found for the StressBSLmodel
in Fig. 13 explains the much higher drag values found for this model

Table 3 Lift and drag coefficient variation with mesh parameters: refinement variation

Grid index Surface cells Boundary-layer cells Cl Cd, counts Relative convergence time

GRID 1 410 34 0.698 133 Reference
GRID 4 682 58 0.701 129 6	
GRID 5 822 70 0.700 128 10	
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in Fig. 14b. As a consequence of the lower lift values computed by
NLBSL for� > 2 deg in Fig. 14a, the drag results are also lower than
the experimental ones. Except at � > 2 deg, SST and CLMRSM
predict reasonable drag valueswhen comparedwith the experimental
data, with CLMRSM predicting slightly larger values than SST. At
�� 2 deg, numerical values are considerably larger than the
experimental results.

In Figs. 14c and 14d, one can find these data plotted in terms of
practical engineering results that are usually considered when
designing and choosing an airfoil. In Fig. 14c, the lift-to-drag ratio is
plotted against the angle of attack, whereas the drag polar is found in
Fig. 14d. It is interesting to observe that all models fail to predict the
high lift-to-drag ratio observed around �� 2 deg, which is close to
the alreadymentioned design point of this airfoil. For the other angles
of attack, however, all models approach the experimental data, with

SST and CLMRSM presenting very close results to the wind tunnel
ones. In Fig. 14d, the polar drag curve is presented. One conclusion
from the curves in this plot is that in general, for the a given lift
coefficient, the models overpredict the drag coefficient values. From
an engineering point of view, this is not the optimum situation, but it
is not that bad because the larger drag values are at least a
conservative approach for a design stage.

VI. Conclusions

The paper presents results obtained with a finite-volume code
developed to solve the compressible RANS equations. Turbulence
effects are included by several advanced turbulence models, which
are specifically designed for aerospace-type flows. The options here
range from linear to nonlinear eddy-viscosity models, as well as
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Reynolds-stress closures. An explicit algebraic expansion of a
simplifiedReynolds-stress equation is used to compose the nonlinear
model.

Validation against wind-tunnel and DNS data for flat-plate and
parallel-wall channel flow cases shows the levels of turbulence
representativeness that is obtained with each modeling approach.
Mesh-dependency studies show that all presently considered models
are similar in terms of mesh configuration requirements. It is
observed that all models adequately return mean flow and turbulence
parameters when compared with the reference data. However
differences can be observedwhen anisotropy is consideredwithin the
model formulation. In these cases, separation of normal stresses can
be observed.

Transonic flow simulations about a supercritical airfoil indicate
that the anisotropy of the normal stresses is of paramount importance
for the successful computation of shock-wave/boundary-layer flows.

However although anisotropy-resolving closures indeed return more
consistent results, it is observed that they still fail to predict the
expected divergence onset due to strong shock-wave boundary-layer
interaction in this case. Effects such as early stall or higher drag
values at lower angles of attack are observed. In general, however,
themore advancedmodels still outperform the linear closures, except
for the SST model, which yields results close to those obtained with
the nonlinear and Reynolds-stress models, at least in terms of
integrated coefficients.

It is interesting to point out that the NLBSLmodel presents results
close to, or even better than those obtained with the Reynolds-stress
closures exercised here. Its computational cost, however, is as low as
that of a standard two-equation model. Therefore in terms of overall
performance, thismodel presents the best cost-effect compromise for
the transonic airfoil case. Hence additional effort on recalibrating and
extending this model to cope with the limitations indicated in the
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current work is clearly a good investment. Furthermore the models
currently implemented in the code and the experience acquired in the
present study have advanced the capability of simulating the
transonic and supersonic flows of interest to IAE, which motivated
the current effort.
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